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Abstract 

We show that the method of S. Wu to study topological 4d-gravity can be understood 
within a now standard method designed to produce equivariant cohomology classes. Next, 
this general framework is applied to produce some observables of the topological 4d- 
gravity. 
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1 Introduction. 



Since its appearance in 1988 in a famous article of E. Witten ||W88|| , Topological Field 
Theories have played an important role in theoretical physics as well as in mathematics. 
Actually, the 1988 article gave a prototype of Topological Field Theories of cohomological 
type. Witten has recognized that these Cohomological Field Theories are related to 
Equivariant Cohomology and more precisely to the so-called Cartan model of Equivariant 
Cohomology. 

Although Cohomological Field Theories can be described independently of which 
model is used for Equivariant Cohomology, the construction by J. Kalkman (||K93||) of 



the so-called intermediate model ([3TW9^) is of considerable technical help. In [pTW94|] , 
Topological Yang-Mills ([|W8|, |BB88| , [AJ90| ) and Topological 2d Gravity ( PSglj ) where 



studied from this point of view. In PTQT]] , new representatives of the Thom class of a 
vector bundle where produced using this general framework. 

S. Wu |[Wu93|| explained the role of the universal bundle in 4d Gravity, and exhibited 
some observables of the corresponding topological model. We shall explained here how 
his method can be deduced from the general approach of ||STW94|| and which observables 
are obtained. 



From the Intermediate to the Weil Model of equiv- 
ariant cohomology. 



In ||STW94|| it was explained how one can generate representatives of equivariant coho- 
mology classes using an idea of [ BGV91 | which benefits from J. Kalkman's construction 
( |[K93|| ) as follows: let us assume that Ai is a smooth manifold with smooth ^-action for 
some connected Lie group Q (with Lie algebra Lie^). Let cIm, ^m, be the standard 
exterior derivative, inner product and Lie derivative on Ai. The action of Q induces an 
action of Lie^, and to any A G Lie^, there corresponds a so-called fundamental vector 
field Xm on A4. The space of forms on A4 is denoted by fl{A4), and its basic ele- 
ments are those annihilated both by ix(A) and lj^{X), for any A GLie^. We recall that 

The Weil algebra (yV{Q),dy\;, /vv) of G, is the graded differential algebra generated 
by the " connection u" and its " curvature Q" : 



f2 - - [uj,uj] 



A 



(2) 
(3) 



1 



i^{x)n = 

lyv{X)uj = -[A,ci;] 



(4) 
(5) 
(6) 



for any A eLie^. 

Then, the equivariant cohomology for the action of ^ on is the basic cohomology of 
the graded differential algebra (W(^) ® dw + dM,in> + iM,iw + Im)- It generates 

the so-called Weil model of equivariant cohomology. 

Now let us consider another Lie group H such that M. is the base space of some 
principal if-bundle V{Ai,H) opn which the action of Q can be lifted. This bundle is 
also equipped with standard differential operations: dp, ip, Ip. Then, some equivariant 
cohomology classes can be represented as follows: consider a ^-invariant //-connection 
r on V. Extend V to W(^) ® VL{M), still denoting it V. Since V does not depend on a;, 
it fulfills : 

^w(A)r = (7) 

(/H; + M(A)r = (8) 

for any A eLie^. That expresses the basicity of F in the so-called Intermediate model of 
equivariant cohomology. In this model, the exterior derivative reads : 

D,^^ = dy^ + dp + lp{u)-lp{Q) (9) 

so that : 

An^r = dpT - ip{n)v (10) 

and the Equivariant curvature of F in the intermediate model reads : 

i?LVF,a;,Q) = A„,F + i[F,F] (11) 

It satisfies : 



^wWRZ = (13) 
ilw + lv){X)RZ = (14) 

The i/-fibration is eliminated by considering symmetric ff-invariant polynomials I^^^ — 
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To go to the more usual Weil Model, we use the Kalkman differential algebra isomor- 
phism exp {i-pluj)} , thus obtaining: 









(15) 
(16) 
(17) 



where /^=exp {i-p^uj)} I^^^. Now since the i/-fibration has disappeared, lies in >V(^)® 
Under the assumption that is a principal A^-bundle over Ai/GjWe can replace 
u and f2 by a ^-connection 9 and its curvature B on A^. Cartan's theorem 3 guarantees 
that our new representative gives a representative of the same equivariant cohomology 
class ( ||C5(]| ], |[STW94|| ). Still denoting this representative by we verify that: 



dMi'vv = (18) 
^A4(A)/^ = (19) 
^A4(A)/^ = (20) 

Now, we are ready to use this method in topological 4d-gravity. 

3 Wu's construction ( [|Wu93|] ) in Topological 4d Grav- 
ity. 

Let S be a 4d smooth manifold. The fundamental objects in Gr^^^ are the metrics of 
S, and the generators of the Weil algebra of Dif f^iiy) the connected component of the 
diffeomorphism group of E. The structure equations then read : 



s 



top 



g = vl> + L*°P(a;)^ (21) 
= -L"'P{n)g + L*"P{uj)^ (22) 

s'"Puj = n-^[uj,uj] (23) 

s'°PQ = (24) 

Let us note that the form of these structure equations is universal (i.e. independent of the 
model we choose). Now let us apply the precepts of the previous section. The group of 
diffeomorphisms of S plays the role of the gauge group Q over Met(S). The if-fibration 
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is obtained by considering the frame bundle over S, [|, and our final principal 

GL{A, R)-bundle V is just Met(E) x F(E). The Dz//(E)-invariant GL(4, R)-connection 
r on Met{T,) x is given by: 

T\ = T^^{g)\ + ^g"^Sg^, (25) 

where r^'^'{g) is the Levi-Civita connection of G Met(S), and 6 is the exterior derivative 
on Met(S) ([BS91, iDVj). 

This GL{4, R)-connection is used in the Intermediate Model. Before going any fur- 
ther, let us notice that in the Weil model, this connection reads: 

r\ = r\- , (26) 

which is comparable with (2.5) in [Wu93]. Now, the Intermediate curvature : 

^■^t(r,u;,^^) = Antr + ^[r,r] (27) 

gives the corresponding Weil curvature : 

R'^{T,u,n) = expiiT^ico)} RZir,io,n) = (d^ + rfp)f + 1 [f,f] (28) 

which is of the form (2.6) of [Wu93]. 

Now, let us have a look at the observables. 

4 Some Observables for Topological 4d Gravity. 

In oder to generate observables of the theory, we first eliminate the GL{4:, R)-fibration. 
As explained in section |^ this is achieved by considering symmetric GL{4:, R)-invariant 
polynomials. The Euler class and the Pontrjagin classes generated by i?^ are such 
polynomials ( ||KN63|| ). Actually, only the first Pontrjagin class is relevant 0. Up to 
normalization factors, those two cohomology classes are given by: 

K = -^9.x9.ARZ)l^{RWp (29) 
= {K5';,-^'A)^Rw)l^iRWp (30) 



^Note that F{Yj) is the principal bundle associated to the tangent vector bundle TS of E 

^The zeroth class is trivially 1 while the second (and highest) class is the square of the Euler class. 



4 



and decompose into five terms 



E'^ = Qt + Ql + Ql + Ql + Ql (31) 

Pw ~ Gq + Gf + GI + GI + (32) 

where the upper index refers to the form degree on Met(S) while the lower one refers 
to the form degree on S. These expressions are to be compared with (2.9) of ||Wu93 
Observables extracted from monomials (i?^)™" (P^)"- 



f rpeq\m f jyeq\n Tr4(m+n) . T^4(m+n)-l . -,r4{m+n)—2 . Tr4(m+n)— 3 , T^4(m+n)-4 /qq\ 

\^W) \^W) — ^0 + ^1 + ^2 + ^^3 + M l-J-Jj 

with: 

= [QTiGt)'' (34) 

= n(Qa'"(G^)"-'G? + m(Q^)"^-'Q?(Ga" (35) 

^'^'"^"^-^ = n{Qir{Gl)-'Gl+'^^^{QT{Gt)'''\Glf (36) 



+mn {Ql)--' Ql (G^)"'^ G\ + m [Q^^-' Ql {Glf 

m(m-l) (g4)".-2Q,Q3 (^4)n 



V,'^-^-^-' = n{Qtr{Gtr'Gl+'^^^{Qtr{Gtr'GlGl (37) 
+mn {Qt,)-' Ql (G^)"-^ Gj + m"^^^ [Qiy-' Q\ (G^)'^"^ (G?)^ 
+m (Q^)-^ (G^)" + (g^)-^ Q^Q? (G^)" 
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^^ n(n-l)(rz-2) ^3 ^^,^„_3 ^^3^3 

+mn {Qtr-' Ql (G^)'^"^ Gl + m^^^^ (g^"^-^ Ql (G^""^ (G?)^ 
+n^^^^^ iQt)-' {QlYiGty-'Gl 

+mn (g^)'"-^ g^ {Gtr' Gl + (g^)"^"^ g^g? (g^)'^"^ g? 

^^ m(m-lKm-2) ^^,^™_3 ^3 (^4)n-i ^3 

+m {Qtr' Ql {Gtr + ^^^^^ {Qtr' {{QlY + QlQl) {G^T 

^m(m-l)(m-2)(m-3) ^^,^_4 ^^3)4 ^^4). 

Next, we replace u and by a Dz//(E)-connection ^ and its curvature © on Met(E). 
The corresponding forms fulfill the "descent" equations: 



5y/"-^ + dsV;,-r"^' = (39) 

2:(A)l/^"-^ + iE(A)liV = (40) 

jC(X)Vp^''-P + l^{X)Vp^''~P = (41) 

where X and £ arc the inner product and Lie derivative on Met(E). Finally, we integrate 
over cycles on S to obtain forms on Met(S) only : 



I y^4n-p (42) 



yin- 

'7p 
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Exactly as in the 2d gravity, only 



defines an equivariant form on Met(E). This gives observables of Gr'^ . which are the 
analogs of the Mumford invariants appearing in Gr*^. 

An explicit expression of the Q's and the G's is given in appendix. 



5 Conclusion. 

All the work done above can be apply to higher dimensional gravity theory. Of course 
this also apply to Yang-Mills topological theory. Nevertheless, in this last case things are 
much simpler since the gauge group doesn't act on the space-time manifold E, while in 
Gravity theory the diffeomorphism group does. 
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Appendix. 

It was already shown in PTW94|| that the Weil curvature takes the form 



where: 



(44) 



7p 



g''" {Sgpp - h{uj)gpp) = g^" {^pp) 



Ip ^p Ip 



(45) 
(46) 

(47) 
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Then, after a "straightforward" algebraic juggle, one finally obtains 



0? = "-^9.>.9,AR'^)l^(R'^f, = E^ 



(48) 



Ql = 2^^,A^,^(i?^^)^A (-ZsHi?^^ + -i^^^A7) (49) 



7^ 



Q2 — —guXQax 



+ (i?^^)^A (^^s(a;)^E(^)i?''''-^s(^^) (i^^^ A ^) - ^V^V^ - A 
Ql = ^^?.A^?ax(^^s(u^)^E(c^)i?''''-^s(c^)/^'^''A7--^V'-D^^Afij (51) 



A(^-z^(c.)i?^^ + V^A^y 

= -— ^,A^7.xMs('^)^s(^^)i^''''-^s(a;)i?^^A7--V^V'-i^''''A^^ (52) 
^vS \ ^ / p. 

A ( is(a;)is(a;)i?^^ - iT.{oS)D^^ A 7 - -V'V^ - A Q 
Finally, the G's are obtained by replacing — —QuxQax Q'^ by ((^^^^ — ^^^x)- 
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